
Ladislaus von Bortkiewicz Professor of Statistics

Humboldt-Universität zu Berlin

theIDA.net

ASE, SKBI SMU, ACI NUS, NYCU 玉山學者

Selected Topics of Mathematical Statistics 

Convergence of Moments & Uniform Integrability

20240521 Okh Hae HUA XU Selected Topics Math Stat unit_4.key

Ostap Okhrin

Wolfgang Karl Härdle 

Chen HUANG

Xiu XU

http://theIDA.net
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantinar.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com
http://quantlet.com


Selected Topics of Mathematical Statistics
−3 −2 −1 0 1 2 3

0.
0

0.
1

0.
2

0.
3

0.
4

1000 Random Samples

Es
tim

at
ed

 a
nd

 N
or

m
al

 D
en

si
ty

Asymptotic Distribution, n = 5

−4 −2 0 2 4

0.
0

0.
1

0.
2

0.
3

0.
4

1000 Random Samples

Es
tim

at
ed

 a
nd

 N
or

m
al

 D
en

si
ty

Asymptotic Distribution, n = 35

The CLT for Bernoulli distributed random variables. Sample size

n = 5 (left) and n = 35 (right). MVAcltbern
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Definition 1 

A sequence of rv  is uniformly integrable (ui) if                              

                                         (1) 

Definition 2  

A sequence of set functions  defined on  is uniformly absolutely 

continuous (uac) wrt a measure  on  if, given , there exists  such 
that  

                                             (2) 

Definition 3 

The sequence  is equicontinuous (ec) at  if, given  and a sequence 

 in  decreasing to , there exists  such that  

                                                   (3)

{Yn}

limc→∞ sup
n

𝖤{ |Yn |𝖨( |Yn | > c)} = 0

{Qn} 𝒜
𝖯 𝒜 ε > 0 δ > 0

𝖯(A) < δ ≻ sup
n

|Qn(A) | < ε

{Qn} ϕ ε > 0
{An} 𝒜 ϕ M

m > M ≻ sup
n

|Qn(Am) | < ε

Convergence of Moments & Uniform Integrability
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Later on  

Lemma 1 

i)   

a)  and b)  are uac wrt  

ii)   

 

iii)                   

 

 

iv)  

 

Qn,r(A) = ∫A
|Xn |r d𝖯, wrt a measure 𝖯

ui of {Yn} on (Ω, 𝒜, 𝖯) is equivalent to

supn𝖤 |Yn | < ∞ {Qn,1} 𝖯

ui of {Yn} is that for some ε > 0

supn𝖤 |Yn |1+ε < ∞ ≻ is ui

Sufficient for ui of {Yn} is that there is a rv Y such that

𝖤 |Y | < ∞ and

𝖯( |Yn | ≥ y) ≤ 𝖯( |Y | ≥ y), all n ≥ 1, all y > 0

For set functions Qn,1 each absolutely continuous wrt 𝖯, ec at

ϕ implies uac wrt 𝖯

Convergence of Moments & Uniform Integrability
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Theorem 1 

 

. 

Proof of Theorem 1 Let  and . Choose  such that  are continuity 
points of , and by ui, 

. 

For any  such that  are also continuity points of , we obtain from the 
second theorem of Helly that  

. 

Let Xn
ℒ→ X and {Xr

n} is ui, where r > 0. Then 𝖤 |X |r < ∞,

limn𝖤(Xr
n) = 𝖤(Xr), and limn𝖤 |Xn |r = 𝖤 |X |r

X ∼ F ε > 0 c ±c
F

supn𝖤{ |Xn |r 𝖨( |Xn | ≥ c)} < ε

d > c ±d F

lim
n→∞

𝖤{ |Xn |r 𝖨(c ≤ |Xn | ≤ d)} = 𝖤{ |X |r 𝖨(c ≤ |X | ≤ d)}

Convergence of Moments & Uniform Integrability
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It follows that  for all such choices of . 

For , . 

Now, for the same  as above, write 

 

.                        

By the Helly theorem again, the first term on the right-hand side tends 
to  as . Thus . Similarly 

. 

𝖤{ |X |r 𝖨(c ≤ |X | ≤ d)} < ε d

d → ∞ 𝖤{ |X |r 𝖨( |X | ≥ c)} < ε, whence 𝖤 |X |r < ∞

c

|𝖤 (Xr
n) − 𝖤 (Xr) | ≤ |𝖤{Xr

n𝖨( |Xn | ≤ c)} − 𝖤{Xr𝖨( |X | ≤ c)} |

+ 𝖤{ |Xn |r 𝖨( |Xn | > c)}

<ε

+ 𝖤{ |X |r 𝖨( |X | > c)}

<ε

0 n → ∞ limn𝖤 (Xr
n) = 𝖤 (Xr)

limn𝖤 |Xn |r = 𝖤 |X |r

Convergence of Moments & Uniform Integrability



Selected Topics of Mathematical Statistics
−3 −2 −1 0 1 2 3

0.
0

0.
1

0.
2

0.
3

0.
4

1000 Random Samples

Es
tim

at
ed

 a
nd

 N
or

m
al

 D
en

si
ty

Asymptotic Distribution, n = 5

−4 −2 0 2 4

0.
0

0.
1

0.
2

0.
3

0.
4

1000 Random Samples

Es
tim

at
ed

 a
nd

 N
or

m
al

 D
en

si
ty

Asymptotic Distribution, n = 35

The CLT for Bernoulli distributed random variables. Sample size

n = 5 (left) and n = 35 (right). MVAcltbern

6

Theorem 2 

 

. 

Theorem 3           

               

i  

ii  

. 

Theorem 4 

 

.

Let Xn
rth→ X and 𝖤 |X |r < ∞

≻ limn𝖤(Xr
n) = 𝖤(Xr) and limn𝖤 |Xn |r = 𝖤 |X |r

Let Xn
P→ X and either

𝖤 |X |r < ∞ and {Xr
n} ui, or

supn𝖤 |X |r < ∞ and {Qn} are ec at ϕ

≻ limn𝖤(Xr
n) = 𝖤(Xr) and limn𝖤 |Xn |r = 𝖤 |X |r

Let Xn
a.s.→ X . If limn𝖤 |Xn |r ≤ 𝖤 |X |r < ∞

≻ limn𝖤(Xr
n) = 𝖤(Xr) and limn𝖤 |Xn |r = 𝖤 |X |r

Convergence of Moments & Uniform Integrability
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Lemma 2 

  

Proof of Theorem 2 For , apply  to 
write  and thus 

.           

For , apply Minkowski’s inequality to obtain 

. 

In either case,  follows Lemma 2,  is 
ui  follows from Theorem 2. 

                        Hermann Minkowski on BBI: 

Let Xn
ℒ→ X and limn𝖤 |Xn |r = 𝖤 |X |r < ∞ ≻ {Xn} is ui

0 < r ≤ 1 |x + y |r ≤ |x |r + |y |r

| |x |r − |y |r | ≤ |x − y |r

|𝖤 |Xn |r − 𝖤 |X |r | ≤ 𝖤 |Xn − X |r

r > 1

| (𝖤 |Xn |r )1/r − (𝖤 |X |r )1/r | ≤ (𝖤 |Xn − X |r )1/r

limn𝖤 |Xn |r = 𝖤 |X |r < ∞ {Xr
n}

≻ limn𝖤(Xr
n) = 𝖤(Xr)

Convergence of Moments & Uniform Integrability
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